Abstract. We define the algebraic elliptic cohomology theory coming from Krichever's elliptic genus as an oriented cohomology theory on smooth varieties over an arbitrary perfect field. We show that in the algebraic cobordism ring with rational coefficients, the ideal generated by differences of classical flops coincides with the kernel of Krichever's elliptic genus. This generalizes a theorem of B. Totaro in the complex analytic setting.
Introduction
The notion of complex oriented cohomology theory in the category of smooth manifolds was introduced by Quillen [Q71] in his study of the universal complex oriented cohomology theory, complex cobordism. The existence of a formal group law associated to a complex oriented theory allowed Quillen to define an isomorphism of the complex cobordism ring with the Lazard ring Laz, the underlying ring of the universal formal group law F Laz (u, v) ∈ Laz [[u, v] ].
We use the notion of an oriented cohomology theory on the category of smooth quasiprojective schemes Sm k over a perfect field k given by Levine and Morel in [LM07] . This is an algebraic analog of complex oriented cohomology, without however requiring an excision property or a Mayer-Vietoris sequence. When the underlying field k has characteristic zero, the universal oriented cohomology theory, X → Ω * (X), exists and is called algebraic cobordism. Just as for complex cobordism, the coefficient ring Ω * (k) of algebraic cobordism is isomorphic to the Lazard ring. A construction of Ω * (X) via explicit generators and relations is given in [LM07] ; when the field k has positive characteristic, it is not known if this construction yields an oriented cohomology theory.
To handle the situation in positive characteristic, we use motivic homotopy theory. Let SH(k) be the motivic stable homotopy category of P 1 -spectra [MV99, PPR07, Voev98] . One has a refined notion of an oriented cohomology theory on Sm k , which we refer to in this paper as a motivic oriented cohomology theory on Sm k . This is given by an object E ∈ SH(k) together with a multiplication map E ∧ E → E, a unit map S k → E and an orientation ϑ ∈ E 2,1 (P ∞ /0) which gives the assignment X → E * , * (X) the structure of an oriented ring cohomology theory in the sense of Panin [PS09] . Given an (E, ϑ) and assuming that k is perfect, the assignment X → E * (X) := E 2 * , * (X) defines an oriented cohomology theory E * on Sm k , but not every oriented cohomology theory arises this way.
Let MGL ∈ SH(k) be the algebraic cobordism P 1 -spectrum [PPR07, Voev98] . MGL comes with a canonical orientation, ϑ MGL , and it has been shown by Panin-Pimenov-Röndigs [PPR08] that (MGL, ϑ * MGL ) defines the universal motivic oriented cohomology theory on Sm k . For a perfect field k, we thus have the oriented cohomology theory MGL * on Sm k , which by the main result of [Lev09] is canonically isomorphic to Ω * in case k has characteristic zero
We let p denote the exponential characteristic of the base field k, that is, p = 1 if k has characteristic zero, otherwise p is the characteristic of k.
It follows from a theorem of Hopkins-Morel, recently established in detail by Hoyois [Hoy13] , that for k of characteristic zero, the ring homomorphism Laz → MGL(k) classifying the formal group law for MGL * is an isomorphism. When k has characteristic p > 0, it is shown in [Hoy13] that MGL * (k)[1/p] ∼ = Laz[1/p]. Conjecturally, for any field k, the classifying map Laz → MGL * (k) is an isomorphism, but at present, this is not known. In any case, for an arbitrary perfect field k, we have at our disposal the oriented cohomology theory MGL * on Sm k , which agrees with Ω * if k has characteristic zero, and for which the classifying homomorphism φ MGL : Laz → MGL * (k) is an isomorphism after inverting the exponential characteristic of k. Now let F (u, v) ∈ R[ [u, v] ] be an arbitrary formal group law over a commutative ring R; we assume that the exponential characteristic p is invertible in R. For each X ∈ Sm k , composing the classifying homomorphism φ MGL : Laz → MGL(k) with the pull-back the structure morphism p X : X → Spec k makes MGL * (X) is easily seen to extend to an oriented cohomology theory on Sm k , which we denote by R * . It is immediate that R * (k) = R and that the formal group law associated to R * is F (u, v) ∈ R[ [u, v] ]. We apply all this machinery to give algebraic versions of elliptic cohomology. Given a family of elliptic curves over some ring R, there is a formal group law over the ring R, coming from the additive structure of the elliptic curves and a choice of parameter along the zero section over Spec R. The corresponding cohomology theory X → R * (X), an algebraic elliptic cohomology theory, is the main subject of this paper.
Such group laws are often constructed using a so-called elliptic genus rather than an explicit construction of the family of elliptic curves. The elliptic genus is simply a power series that transforms the additive group law F (u, v) = u + v into the given elliptic group law by using it as a change of coordinates. There are various versions of elliptic genera. We concentrate on the elliptic genus studied by Krichever [K90] , whose Hirzebruch characteristic power series is given by Q(t) := t 2πi e kt Φ(t, z) = t 2πi e kt e ζ(z) . (See Section 2.1 for details.) We will call this the elliptic genus for the remainder of the paper.
When k = C, the elliptic genus has a crucial property, called the rigidity property, proved by Krichever in [K90] and Höhn in [Höh91] . The rigidity property states that the elliptic genus is multiplicative under the fibrations with fibers admitting an SU -structure. Moreover, the complex elliptic genus is the universal genus with this property. Using the rigidity property, Höhn showed that the elliptic cohomology ring (after Q-localization) is isomorphic to a polynomial ring Q[a 1 , a 2 , a 3 , a 4 ], with a i having degree −i (using our conventions for the grading).
The elliptic genus also arises in the study of Chern numbers of singular varieties. Inspired by Höhn's work, Totaro showed in [T00] that the kernel of the elliptic genus coincides with the ideal in the complex cobordism ring M U * (C) generated by the differences of classical flops. As a corollary, the characteristic numbers which can be defined for singular varieties in a fashion which is compatible with small resolutions, are exactly the specializations of the elliptic genus. It is worth mentioning that in Totaro's work, the proofs take place in the setting of weakly-complex manifolds and use topological constructions which do not lend themselves to the situation over a field of positive characteristic.
Based on Totaro's work, Borisov and Libgober in [BL03] extended the definition of the elliptic genus to projective varieties with log-terminal singularities. Using the weak factorization theorem of Abramovich, Karu, Matsuki, and Wlodarczyk [AKMW02] , Wang proved in [W01] that the ideal in the complex cobordism ring M U * (C) generated by differences of flops equals to the ideal generated by K-equivalence.
In this paper, we study the algebraic version of the elliptic cohomology over an arbitrary perfect field, and consider as well as the question of the existence of a corresponding motivic oriented cohomology theory representing elliptic cohomology. According to a theorem of Landweber (see Theorem 1.9), extended to the motivic setting by Naumann-Spitzweck-Østvaer [NSO09] , a formal group law defines a motivic oriented cohomology theory if a certain flatness assumption called Landweber exactness is satisfied. The underlying ring of the elliptic formal group law corresponding to the Krichever's elliptic genus is a certain subring of Z[a 1 , a 2 , a 3 , a 4 ]; there is an explicit descriptions of the four generators a i (see [BB10] ) as elements in a formal power series ring Q((e 2πiz )) [ We will make precise in Remark 2.4 that inverting 2 is necessary to make the elliptic formal group law Landweber exact, hence it is not clear if the integral Krichever's elliptic cohomology theory, although existing as an oriented cohomology theory on Sm k (after inverting p in characteristic p > 0), is represented by a motivic oriented cohomology theory on Sm k . Now we can state our main theorem in this paper as follows. Let MGL * Q (k) := MGL * (k) ⊗ Z Q be the algebraic cobordism ring with Q coefficients, and Ell * Q (k) be the elliptic cohomology ring with Q coefficients.
Theorem B (Proposition 3.5, Proposition 4.2, and Corollary 4.3). The kernel of the algebraic elliptic genus φ Q : MGL * Q (k) → Ell * Q (k) is generated by the differences of classical flops, and its image is the polynomial ring Q[a 1 , a 2 , a 3 , a 4 ].
The basic idea underlying our approach is to use the double-point cobordism of LevinePandharipande [LP09] to give a simple explicit description of the difference of two flops in the algebraic cobordism ring MGL * (k) (see Proposition 3.3 for a more precise statement), replacing Totaro's topological constructions. The vanishing of the difference of two flops in elliptic cohomology is then a consequence of a classical identity satisfied by the σ function (see Proposition 3.5).
The paper is organized as follows: In §1 we recall some foundational material concerning oriented cohomology and motivic oriented cohomology. We describe two methods of construction oriented cohomology theories from a given formal group law: specialization and twisting, and recall the construction of a motivic oriented cohomology theory through specialization to a Landweber exact formal group law. We use the twisting construction to construct the universal oriented cohomology theory on Sm k for k a field of positive charateristic, after restriction to theories with coefficient ring a Q-algebra; for k of characteristic zero, one already has the universal theory among all oriented theories, namely, Ω * . In §2 we apply these results to give our construction of elliptic cohomology as an oriented cohomology theory on Sm k for k an arbitrary perfect field, and we prove our main result on the existence of a motivic oriented theory representing elliptic cohomology (Theorem A). In §3 we introduce double-point cobordism and use this theory to give an explicit description of the difference of two flops in MGL * -theory. We then apply this formula to show that the difference of two flops vanishes in elliptic cohomology. In §4 we use Höhn's and Totaro's algebraic computations to prove our main result (Theorem B) on rational elliptic cohomology and its relation to MGL * Q (we recall Totaro's computations in an appendix). We conclude in §5 with another application of algebraic cobordism, showing that birational smooth projective symplectic varieties that arise from different specializations of generically isomorphic families have the same class in algebraic cobordism, and in particular, have the same Chern numbers (see proposition 5.2 and corollary 5.5).
1. Oriented cohomology 1.1. Oriented cohomology theories and algebraic cobordism. In this subsection we collect preliminary notions and results we will use. The main goal is to fix the notations and conventions.
Recall that a formal group law over a commutative ring R with unit is an element
Lazard pointed out the existence of a universal formal group law (Laz, F Laz ). He also proved that the ring Laz, called Lazard ring, is a polynomial ring with integral coefficients on a countable set of variables (see [Laz55] ). That is, for any formal group law (R, F ) over any ring R, there exists a unique ring homomorphism r : Laz → R such that F = r(F Laz ). Now let
be an arbitrary formal group law over a commutative ring R; we will always assume that R is graded and that, giving both u and v degree 1, F (u, v) is homogeneous of degree 0. As the Lazard ring is generated as a Z-algebra by the coefficients of the universal formal group law, F un ∈ Laz [[u, v] ] this convention gives Laz a uniquely defined grading, concentrated in non-positive degrees, and the classifying homomorphism φ F : Laz → R associated to F preserves the grading.
Let k be a field, and Sm k be the category of smooth, quasi-projective schemes over k. Let Comm denote the category of commutative, graded rings with unit. The following definition can be found in [LM07] . Definition 1.1. An oriented cohomology theory on Sm k is given by the following data.
D1: An assignment A * sending any X ∈ Sm op k to an object in Comm. D2: For any smooth morphism f : Y → X in Sm k , a ring homomorphism
These data satisfy the axioms: functoriality for f * with respect to arbitrary morphisms in Sm k , functoriality for f * with respect to projective morphisms, base change for transverse morphisms, a projective bundle formula, and extended homotopy property. We should mention that, for L → X a line bundle over some X ∈ Sm k , the first Chern class of L in the theory A, denote c A 1 (L), is defined by the formula c A 1 (L) := s * s * (1 X ), where s : X → L is the zero section and 1 X ∈ A 0 (X) is the unit in A * (X). We often write simply c 1 (L) if the theory A is understood.
For an oriented cohomology theory A * , there is a unique power series
for each pair line bundles L and M on a scheme X ∈ Sm k ; moreover, F defines a formal group law over the ring A * (k) [LM07, Lemma 1.1.3]. As we will often consider cohomology theories with rational coefficients, we denote the ring A * (X) ⊗ Q simply by A * Q (X). For any X ∈ Sm k , Levine and Morel constructed a commutative graded ring Ω * (X) as follows. Let M (X) be the set of isomorphism classes of projective morphisms f : Y → X with Y ∈ Sm k . M (X) becomes a monoid under the disjoint union. Let M * + (X) be its group completion, graded by the relative codimension of the map f : Y → X. Then Ω * (X) is constructed as a quotient of M * + (X) [LM07, Lemma 2.5.11]. The following is a resumé of some of the main results from [LM07] . When the base field k has positive characteristic, the construction of Ω * (X) described above is not known to give a oriented cohomology theory. However, the construction of Ω * (X) in [LM07] leads to a notion of a "universal oriented Borel-Moore Laz-functor on Sm k of geometric type" (see [ 
, which is commutative and associative in the obvious sense.
There is an element 1 ∈ A 0 (k) which, together with the external product
, makes A * (k) into a commutative graded ring with unit. (5) (Fundamental class) For X ∈ Sm k with structure morphism p : X → Spec k, we denote p * (1) by 1 X , and for L → X a line bundle, write v] ] be the image of the universal formal group law with respect to φ A , for each X ∈ Sm k and each pair of line bundles L, M on X, we have which is compatible with all push-forward maps f * for projective f , all pull-back maps f * for smooth f , first Chern classes and first Chern class operators, external products and the formal group law. Explicitly, for a generator [f :
, where f A * is the pushforward in the theory A * and 1 A ∈ A 0 (Y ) is the unit.
1.2. Motivic oriented cohomology theories. In positive characteristic, the universal oriented cohomology theory is not available; we use instead an approach via motivic homotopy theory. Let SH(k) be the motivic stable homotopy category of P 1 -spectra [MV99, PPR07, Voev98] . SH(k) is a triangulated tensor category with tensor product (E, F) → E ∧ F and unit the motivic sphere spectrum S k . There is a functor
We have as well the autoequivalences Σ S 1 and Σ Gm , and the translation in the triangulated structure is given by Σ S 1 .
An object E of SH(k) and integers n, m define a functor E n,m : Sm
An object E together with morphisms µ : E ∧ E → E (multiplication) and 1 : S k → E (unit) define a ring cohomology theory on Sm k if they make the bi-graded group E * , * (X) := ⊕ n,m∈Z E n,m (X) into a bi-graded ring which is graded commutative with respect to the first grading and commutative with respect to the second one.
Given a ring cohomology theory as above, an element ϑ ∈ E 2,1 (P ∞ /0) is called an orientation if the restriction of ϑ to ϑ |P 1 /0 ∈ E 2,1 (P 1 /0) (via the embedding P 1 → P ∞ , (x 0 : x 1 ) → (x 0 : x 1 : 0 : 0 . . .)) agrees with the image of 1 ∈ E 0,0 (k) under the suspension isomorphism E 2,1 (P 1 /0) ∼ = E 0,0 (k). Here 0 := (1 : 0 : . . . : 0) ∈ P n , including n = ∞.
In [PS09, Theorem 2.15] it is shown how an orientation ϑ for a ring cohomology theory E on Sm k gives rise to functorial pushforward maps f * :
Definition 1.3. A motivic oriented cohomology theory on Sm k is an object E ∈ SH(k) together with morphisms µ : E ∧ E → E, 1 : S k → E defining a ring cohomology theory, plus an orientation ϑ ∈ E 2,1 (P ∞ /0). Remarks 1.4. 1. The notion of a motivic oriented cohomology theory on Sm k is referred to as an "oriented ring cohomology theory" in [PPR08] . We find this too similar to the term "oriented cohomology theory", hence our relabelling.
2. The algebraic cobordism P 1 -spectrum MGL ∈ SH(k) is the universal motivic oriented cohomology theory. See [PPR07, Voev98] for the construction of MGL and [PPR08] for the proof of universality.
It follows from the results of [PS09] that, if (E, µ, 1, ϑ) is a motivic oriented cohomology theory on Sm k , then the contravariant functor X → E * (X) := E 2 * , * (X) from Sm k to Comm, together with the maps f * for projective morphisms f : Y → X in Sm k , defines an oriented cohomology theory on Sm k , which we denote by E * . We call E * the oriented cohomology theory on Sm k represented by the motivic oriented cohomology theory (E, µ, 1, ϑ) (or just E for short). In particular, for each motivic oriented cohomology theory E on Sm k , there is a canonical homomorphism φ E : Laz → E * (k) classifying the formal group law of the oriented cohomology theory E * .
Remark 1.5. In general, an oriented cohomology theory on Sm k is not always represented by a motivic oriented theory (see [Hop02] ).
It follows from a theorem of Hopkins-Morel, recently established in detail by Hoyois [Hoy13] , that for k of characteristic zero, the ring homomorphism Laz → MGL(k) classifying the formal group law for MGL * is an isomorphism. When k has characteristic p > 0, it is shown in [Hoy13] that after inverting p, the classifying map
is an isomorphism. Conjecturally, for any field k, the classifying map is an isomorphism, but at present, this is not known.
1.3. Specialization of the formal group law. From the oriented cohomology theory MGL * , and a given formal group law v] ] such that the exponential characteristic p of k is invertible in R, we may construct an oriented cohomology theory R * on Sm k with R * (k) = R and formal group law F as follows.
Take X ∈ Sm k and let p X : X → Spec k be the structure morphism. The classifying map φ MGL : Laz → MGL * (k) composed with p * X defines the ring homomorphism p * X • φ MGL : Laz → MGL * (X). Using the classifying homomorphism φ F : Laz → R, we may form the tensor product ring R * (X) := MGL * (X)⊗ Laz R. Since p is invertible in R and φ MGL [1/p] is an isomorphism, it follows that the canonical map R → R * (k) is an isomorphism. Extending the pull-back and push-forward maps for the theory MGL * define the pull-back and push-forward maps for the theory R * . Since the functor − ⊗ Laz R is additive and preserves isomorphisms, it follows easily that the assigment X → R * (X) with pull-back and push-forward maps as described above defines an oriented cohomology theory on Sm k . Similarly, it is easy to see
, and therefore the formal group law for R * is equal to
. This gives us the following result:
formal group law over a commutative (graded) ring R. Assume that the exponential characteristic of k is invertible in R.
Then there is an oriented cohomology theory R * on Sm k with R * (X) = MGL * (X) ⊗ Laz R. Moreover, R * (k) = R and R * has formal group law F . Finally, if the characteristic of k is zero, then R * is the universal oriented cohomology theory on Sm k with formal group law
Proof. We have proved everything except for the last statement. This follows by noting that the isomorphism of oriented cohomology theories Θ : Ω * → MGL * shows that R * is isomorphic to the oriented cohomology theory X → Ω * (X) ⊗ Laz R. The fact that this latter theory is the universal oriented cohomology theory on Sm k with formal group law F ∈ R[ [u, v] ] follows immediately from the fact that Ω * is the universal oriented cohomology theory on Sm k .
There is a nice formula for push-forward in the cohomology theory MGL * , in the case of the structure morphism of a projective space bundle. Theorem 1.7 (Quillen). Let X be a smooth quasi-projective variety, V be some n-dimensional vector bundle on X, and π : P X (V ) → X be the corresponding projective bundle. Let
, where λ i are the Chern roots of V , and x + Ω y := F Ω (x, y), where F Ω is the formal group law of the cobordism theory MGL * .
A proof of this theorem, in the context of complex cobordism, can be found in [Vish07] , page 50. The proof goes through word for word in our setting, so we will not repeat it here. Clearly, for any formal group law (F, R) such that the exponential characteristic is invertible in R, the same formula as above is valid for the push-forward in the theory R * .
1.4. Landweber exactness. We now describe a sufficient condition for the theory X → R * (X) to arise from a motivic oriented cohomology theory; this is the well-known condition of Landweber exactness.
For any prime l > 0, we expand the l-series of the this formal group law x + F · · · + F x (summing l copies of x), as i≥1 a i x i , and for all n ≥ 0 we write v n := a l n . In particular we have v 0 = a 1 = l. Definition 1.8. The formal group (R, F ) is said to be Landweber exact if for all primes l and for all integers n, the multiplication map
formal group law. If the formal group law (R, F ) is Landweber exact and the exponential characteristic of k is invertible in R, then the oriented cohomology theory X → R * (X) on Sm k is represented by a motivic oriented cohomology theory.
The classical precursor of this result is due to Landweber [Lan76] ; in our setting this result follows from [NSO09, Theorem 7.3]. We denote the motivic cohomology theory associated to a Landweber exact formal group law by MGL ⊗ Laz R and the canonical morphism given by the universality of MGL by Θ F,R : MGL → MGL ⊗ Laz R.
1.5. Exponential and logarithm. Let (R, F ) be the formal group law. A logarithm of the formal group law F is a series g(u) = u + higher order terms ∈ R[[u]] satisfying the equation
Novikov [N67] showed that every formal group law with coefficients in a Q-algebra has a logarithm. The functional inverse λ(u) ∈ R [[u] ] of the logarithm g(u) is called the exponential of the formal group law. The expansion of λ(u) takes the form u + higher order terms. With our grading conventions, if we give u degree one, then the power series g(u) and λ(u) are both homogeneous of degree one. Thus, if we write λ(u) = u + i≥1 τ i u i+1 , then τ i ∈ R has degree −i.
In fact, the formal group law and the exponential power series uniquely determine each other, assuming that R → R Q is injective. As ring homomorphisms Laz → R are in bijection with formal group laws with coefficients in R, it is noted by Hirzebruch that ring homomorphisms Laz → R Q are in one to one correspondence with power series λ as above. For any formal group law (R, F ) with exponential λ(u) ∈ R ⊗ Q[[u]], the corresponding ring homomorphism φ F : MU 2 * → R * Q (k) given by Quillen's identification MU 2 * ∼ = Laz is called the Hirzebruch genus. In terms of algebraic geometry, φ F sends the class of smooth projective irreducible variety X of dimensional n to
, where ξ 1 , · · · , ξ n are the Chern roots of the tangent bundle T X (for CH * (X)) and −, [X] means evaluation on the fundamental class of X. Explicitly, if we let Td τ (u) :
. One can show (see e.g. [A74, theorem 7.8]) that the subring R 0 of R generated by the coefficients of F b is isomorphic to Laz via the homomorphism Laz → R 0 classifying F b ; in particular, (F b , R 0 ) is the universal formal group law.
1.6. Twisting a cohomology theory. Let k be an arbitrary perfect field and let R * be an oriented cohomology theory on Sm k . Suppose that the coefficient ring R * (k) is a Q-algebra. There is a twisting construction due to Quillen (see e.g. [LM07] for a detailed description), which enables one to construct the oriented cohomology theory R * from the theory given by the Chow ring X → CH * (X). In this section, we describe the twisting construction and its analog for motivic oriented cohomology theories.
Let A * be an oriented cohomology theory on Sm k and τ = (
is by definition the power series
.
For a vector bundle E on some Y ∈ Sm k , the Todd class of a vector bundle E on Y is giving by
where ξ 1 , . . . , ξ r are the Chern roots of E in A * (Y ). The assignment E → Td τ (E) is multiplicative in exact sequences, hence descends to a well-defined homomorphism Td τ :
Define the twisted oriented cohomology theory A * τ on Sm k with A * τ (X) = A * (X), for X ∈ Sm k , and with pull-backs unchanged (f * τ = f * ). For a projective morphism f : Y → X, we set f
is the relative tangent bundle. It is not difficult to show that this does indeed define an oriented cohomology theory on Sm k .
. Then for a line bundle L, the first Chern class in the new cohomology theory A * τ is given by c τ 1 (L) := λ τ (c 1 (L)) , from which one easily sees that the formal group law for A * τ is given by
is the exponential map for the twisted group law (F τ A , A * (k)). The twisting construction is also available for motivic oriented cohomology theories. Indeed, let (E, µ, 1, ϑ) be a motivic oriented cohomology theory, and (τ i ∈ E −2i,−i (k)) i a sequence of elements, with τ 0 = 1.
Form the orientation ϑ τ ∈ E 2,1 (P ∞ /0),
We note that the projective bundle formula implies that ϑ m goes to zero in E 2,1 (P N /0) for m > N , from which it follows that λ τ (ϑ) is a well-defined element in E 2,1 (P ∞ /0) = lim ← − E 2,1 (P N /0) and that ϑ τ is indeed an orientation. Let τ E * be the oriented cohomology theory corresponding to (E, µ, 1, ϑ τ ). It follows immediately from the definitions that, for L → X a line bundle, X ∈ Sm k , the first Chern class c τ E * 1 (L) in the theory τ E * is the same as in the τ -twist of E * , namely c
. From this it follows easily that the identity map on the graded groups E * τ (X) = E * (X) defines an isomorphism of τ E * with the twisted oriented cohomology theory E * τ ; we will henceforth drop the notation τ E * . Let R be a graded Q-algebra. Define
where HR −n is the P 1 spectrum representing motivic cohomology with coefficients in the Q vector space R −n . We make HR a motivic oriented cohomology theory by using the orientation induced by that of HZ. Now let (F, R) be a formal group law, where R is given the grading following our conventions and is as above a Q-algebra. Taking (τ i ∈ R −i = HR −2i,−i (k)) i to be the sequence such that λ τ (u) is the exponential function for (F, R), we form the twisted motivic oriented cohomology theory HR τ ; by construction HR τ has associated formal group law (F, R). We note that (F, R) is Landweber exact, since R is a Q-algebra.
We may also form the motivic oriented cohomology theory MGL ⊗ Laz R associated to the Landweber exact formal group law (F, R). As this is the universal motivic oriented cohomology theory with group law (F, R), the classifying map Θ HRτ : MGL → HR τ factors through 
Proof. We apply the slice spectral sequence to MGL ⊗ Laz R and HR τ ; the mapΘ HRτ induces a map of spectral sequences. For a P 1 spectrum E denote the nth layer in the slice tower for E as s n E. For an abelian group A, it follows from [Voev04] that s n HA = HA for n = 0 0 for n = 0
Also s n Σ m P 1 E = Σ n P 1 s n−m E. As HR = ⊕ n∈Z Σ n P 1 HR −n , it follows that the nth layer in the slice tower for HR is given by s n HR = Σ n P 1 HR−n. By Spitzweck's computation of the layers in the slice tower for a Landweber exact theory, we have the same s n MGL ⊗ Laz R = Σ n P 1 HR −n as well. The maps on the layers of the slice tower induced byΘ HRτ are HQ-module maps (by results of Pelaez [P11] ), and one knows by a result of Cisinski-Deglise [CD12, Theorem 16.
In particular, the map s nΘHRτ : Σ n P 1 HR −n → Σ n P 1 HR −n is determined by the induced map after applying the functor H −2n,−n (k, −), that is, on the coefficient rings of the theories MGL * , * ⊗ Laz R and HR * , * τ . However, by construction, this is the mapΘ : R → R induced by the classifying map Laz → R associated to the formal group F τ (u, v) = λ τ (g τ (u) + g τ (v)). As this latter formal group law is equal to F by construction, the mapΘ : R → R is the identity map.
Thus Θ HRτ induces an isomorphism of the (strongly convergent) slice spectral sequences, and hence an isomorphism of bi-graded cohomology theories on Sm k . 1.7. Universality. Since MGL * is an oriented cohomology theory, we have the canonical comparison morphism (1.1)
Relying on the Hopkins-Morel-Hoyois isomorphism Laz ∼ = MGL * (k), Levine has shown that for k a field of characteristic zero, Θ MGL : Ω * → MGL * is an isomorphism [Lev09, theorem 3.1]. Thus, for a field of characteristic zero, MGL * is the universal oriented cohomology theory on Sm k . At present, there is no proof of the existence of a universal oriented cohomology theory on Sm k if k has positive characteristic. In this subsection, we use the universality of MGL as a motivic oriented cohomology theory plus some tricks with formal group laws to show that MGL * Q is the universal oriented cohomology theory for theories in Q-algebras on Sm k . We also show that the two constructions of oriented cohomology theories: construction by specialisation of the formal group law from MGL * and construction by extending coefficients for CH * and then twisting, are "equivalent", assuming the coefficient ring is a Q-algebra. Of course, one would expect that over an arbitrary field, CH * is the universal oriented cohomology theory on Sm k with formal group law (u + v, Z). This does not seem to be known.
Proof. The case of characteristic zero is proven in [LM07, Theorem 1.2.2]. In characteristic p > 0, let A * be an oriented cohomology theory with additive formal group law F A (u, v) = u+v and with A * (k) a Q-algebra. Extend the coefficients in the theory A * by a Laurent polynomial ring, forming the theory A * [t, t −1 ], with t of degree -1. Then take the twist with respect to the modified exponential function
that is, τ i := (−1) i t i /(i + 1)!. A simple computation shows that theory A * [t, t −1 ] τ has the multiplicative group law F (u, v) = u + v − tuv, and that the twisted first Chern class is given by c t 1 (L) = t −1 (1 − e tc A 1 (L) ). One can define the modified Chern character
which sends a vector bundle E of rank r to
For a line bundle L, we have
. Using the splitting principle, the fact that A * has the additive formal group law implies that ch A t is a natural transformation of functors to graded Q[t, t −1 ]-algebras. Since c We have the Adams operations ψ k , k = 1, 2, . . ., on K 0 (X), which we extend to Adams operations on K 0 (X)[t, t −1 ] Q by Q[t, t −1 ]-linearity. Define the operation ψ A k on A * (X)[t, t −1 ] to be the Q[t, t −1 ]-linear map which is multiplication by k n on A n (X); it is easy to see that ψ A k is a natural Q[t, t −1 ]-algebra homomorphism. As A has the additive group law, c A 1 (L ⊗k ) = kc A 1 (L) and thus
for all line bundles L. By the splitting principle, this gives the identity
If we take A * = CH * Q , ch A t is a modified version of the classical Chern character; thus by Grothendieck's classical result, the natural transformation
is an isomorphism. This gives us the natural transformation of oriented cohomology theories
Twisting back gives us the natural transformation of oriented cohomology theories
We A follows from Grothendieck-Riemann-Roch. Indeed, as a natural transformation of oriented cohomology theories, ϑ CH A (c CH n (E)) = c A n (E) for all vector bundles E on X ∈ Sm k , and all n. But for irreducible X ∈ Sm k , the Grothendieck-Riemann-Roch theorem implies that CH * (X) Q is generated as a Q-vector space by the elements of the form c CH n (E), E a vector bundle on X, n ≥ 1 an integer, together with the identity element 1 ∈ CH 0 (X). Thus ϑ CH A is unique. We now consider the generic twist CH *
We have as well the motivic oriented cohomology theory HQ ∈ SH(k), representing rational motivic cohomology, H * (X, Q( * )). The orientation v H ∈ HQ 2,1 (P ∞ /0) is given by the sequence of hyperplane classes c CH 1 (O P n (1)) ∈ HQ 2,1 (P n ) = CH 1 (P n ) Q . We may form the generic twist HQ To prove (2), it suffices by (4) to show that CH * Q [b] b is the universal oriented cohomology theory in Q-algebras on Sm k . This follows by applying the twisting construction. Indeed, let A * be an oriented cohomology theory on Sm k , such that A * (k) is a Q-algebra. Let (τ −1 n ∈ A −n ) n be the sequence such that λ τ −1 (u) is the logarithm of the formal group law (F A * , A * (k)). The twist A * τ −1 thus has the additive formal group law and hence by Lemma 1.12 we have the (unique) classifying map θ τ −1 : CH * Q → A * τ −1 . As we have already mentioned above, the map Laz Q → Q[b 1 , b 2 , . . .] classifying the formal group law F b (u, v) is an isomorphism, hence there is a unique ring homomorphism φ : Given a formal group law (R, F ) with exponential λ(t) ∈ R Q [[t]]. Write λ(t) = t+ i≥1 τ i t i+1 with τ i ∈ R −i Q ; we set τ 0 = 1. We have two methods of constructing an oriented cohomology theory with formal group law (R Q , F ): the specialisation construction MGL * ⊗ Laz R * Q or the twisting construction (CH * ⊗R Q ) * τ . As these two oriented cohomology theories are canonically isomorphic, we will denote both of them by R * Q :
2. The algebraic elliptic cohomology theory 2.1. The elliptic formal group law. An algebraic elliptic cohomology theory is the cohomology theory corresponding to an elliptic formal group law. More precisely, let R be a ring and let p : E → Spec R be a smooth projective morphism with section e : Spec R → E addition map E × R E → E defining a commutative group scheme over R with geometrically connected fibers of dimension one. We assume in addition that we have chosen a local uniformizer t around the identity section. The expansion of the group law of E in terms of the coordinate t gives a formal group law F E with coefficients in R.
There is a well-studied elliptic formal group law and the corresponding cohomology theory. Namely, taking R = Z[µ 1 , µ 2 , µ 3 , µ 4 , µ 6 ] and taking E to be the Weierstrass curve
over the ring R, and using t = y/x as the local uniformizer. This formal group law will be referred as the TMF elliptic formal group law. It has been studied by Franke, Hopkins, Landweber, Miller, Ravenel, Stong, etc. See [Hop02] and [Hoh11] for survey of this theory. In particular, it has been shown that, the map of rings
given by this formal group law is Landweber exact, where ∆ is the discriminant. The elliptic formal group law we are using is called the Krichever's elliptic formal group law in literature. It is related to, but different from the TMF elliptic formal group law. We recall the genus corresponding to this formal group law, following the convention in [T00] . 
for some functions η j = η j (τ ), j = 1, 2. We define the algebraic elliptic genus as the ring homomorphism
associated to the power series λ E (t) := t Q(t) under the Hirzebruch correspondence, where
is the zeta function and the function
is the Baker-Akhiezer function. Explicitly, the elliptic genus of a n-dimensional smooth variety X is defined by φ(X) := n i=1 Q(ξ i ), [X] , where the ξ i are the Chern roots of the tangent bundle T X of X.
The coefficient ringẼll of the corresponding formal group law, i.e., the elliptic formal group law, is by definition the image of φ E . Moreover, the elliptic formal group law can be written as
for the series λ(t) = t Q(t) as above. The algebraic elliptic cohomology theory associated to this formal group law, MGL * ⊗ LazẼ ll, is denoted byẼll * .
Remark 2.1. The coefficient ringẼll * (k) depends only on the characteristic of k. For k having characteristic zero,Ẽll * (k) =Ẽll and for k having characteristic p > 0,Ẽll
When k = C, the elliptic genus has the rigidity property, proved by Krichever in [K90] and Höhn in [Höh91] . A consequence of the rigidity property is that given a fiber bundle F → E → B of closed connected weakly complex manifolds, with structure group a compact connected Lie group G, and if F is a SU -manifold, then the elliptic genus is multiplicative with respect to this fibration.
The coefficient ringẼll has been studied in [BB10] . We summarize their results here. The subringẼll of Q((e 2πiz ))[[e 2iπτ , polynomial subring Z[a 1 , a 2 , a 3 , a 4 ] 1 The series Q(t) we use here is slightly different from the one used in [Höh91] and [T00] , where the series is
for the eta function η1. Note that they both enjoy the rigidity property.
The elements a i can be described explicitly in terms of elements in Q((e 2πiz ))[[e 2iπτ , k 2πi ]] as follows. Let g i be the weight 2i Eisenstein series where i = 2, 3, and let X be the Weierstrass p-function and Y its derivative. The power series expansions of these functions are as follows.
where y = e 2πiz and q = e 2πiτ . Then
We shall see below thatẼll Q = Q[a 1 , a 2 , a 3 , a 4 ]. However, as noted by Totaro [T00, §6],Ẽll itself is not even finitely generated over Z.
We let E R → Spec R be the elliptic curve over R defined as the base change from the Weierstrass curve on A = Z[µ 1 , µ 2 , µ 3 , µ 4 , µ 6 ] via the map of rings ϕ :
The chosen parameter t on the Weierstrass curve gives by base-change a parameter t R along the zero section of E R . This gives us a formal group law over R, this just being the one induced from the TMF formal group law through change of coefficient ring via the map ϕ. It is shown in [BB10, Lemma 44 ] that this formal group law is isomorphic to the Krichever's elliptic formal group law (after extended the coefficient ring fromẼll to R). This isomorphism is explicitly given in [BB10] .
Let Ell = Z[a 1 , a 2 , a 3 , This theorem can be proved using the same idea as the proof of the Landweber exactness of the TMF formal group law. Nevertheless, for sake of completeness and the reader's convenience, we include a sketch of the proof here.
Proof. According to Theorem 1.9, it suffices to show that for all primes l > 2 and integers n ≥ 0, the multiplication map
Note that v 0 = l and Ell[1/2] is an integral domain, hence, multiplication by v 0 is always injective.
Consider the ring R l := F l [a 1 , · · · , a 4 ] = R/(l) and the family of elliptic curves E l := E R ⊗ R R l over R l . The injectivity of v i for i > 0 is related to the height of the formal group law of these curves. Note that the only possible height of these curves are 1, 2, or infinity. We need first to remove the curves with infinite height formal group laws. This can be done by inverting the discriminant ∆. If we fix a geometric point x ∈ Spec R l [∆ −1 ], the fiber is a supersingular elliptic curve if and only if the corresponding formal group law has height 1, i.e., v 1 vanishes when restricted to the residue field of x. As R l [∆ −1 ] is an integral domain, v 1 is injective if and only if it is not zero. This, in turn, is equivalent to the condition that on R l [∆ −1 ] there is at least one geometric fiber which is not supersingular. Note that the residue field of x has characteristic l > 2. The family E l → Spec R l contains the Legendre family, which is dominant over the moduli space when passing to the separable closure. Therefore, the family E l → Spec R l is non-constant, hence contains a non-supersingular member.
Finally, we claim that
is a unit. This claim implies that multiplication by v 2 is injective and that R l [∆ −1 ]/(v 1 , v 2 ) = 0, which implies the required injectivity for n ≥ 3. To verify the claim, assume otherwise, then v 2 is contained in a maximal ideal m ∈ R l [∆ −1 ]/(v 1 ). Therefore, the fiber of the family of curves over this closed point has associated formal group law with height greater than 2. This contradicts with the fact that the height of the formal group law of elliptic curves over a field of characteristic l > 0 can only be 1 or 2.
Remark 2.4. The Landweber exactness condition for the prime l = 2 fails, since v 1 vanishes in Ell /(2). To see this, one can easily calculate the j-invariant of the family of elliptic curves E Ell ⊗ Ell Ell /(2) over Ell /(2) to see that the j-invariant is a constant. Passing to the separable closure, one finds that the curve y 2 +y = x 3 , which is supersingular, is a member in the family, and hence every member in this family is supersingular.
Remark 2.5. Inverting ∆ is an overkill, as the locus ∆ = 0 contains not only the curves with infinite height formal group law, but also certain curves whose formal group law has height 1. This can be fixed using the modern approach [Hop02] . Taking the j-invariant for the family E R ⊗ R R[1/2] we obtain a morphism of Spec Z[1/2][a 1 , a 2 , a 3 , a 4 ] to the coarse moduli space of elliptic curves and thereby obtain a stack with coarse moduli space Spec Z[1/2][a 1 , a 2 , a 3 , a 4 ]. Let Kr be the open substack obtained by removing the locus consisting of curves with infinite height formal group laws. This stack Kr is flat over the stack of formal group laws, by the same argument as in the proof of Theorem 2.3. Therefore, any flat morphism of stacks from a commutative ring R to Kr defines a motivic oriented Krichever elliptic cohomology theory.
3. Flops in the cobordism ring 3.1. The double point formula. Following [LP09] , we define the ring ω * (X) of double-point cobordism to be the graded abelian group M * + (X) of smooth projective schemes Y → X as in Subsection 1.1, modulo the relations generated by the following double point relation.
Let Y ∈ Sm k be of pure dimension. A morphism π : Y → P 1 is a double point degeneration over 0 ∈ P 1 , if π −1 (0) = A ∪ B with A and B smooth, of codimension one, intersecting transversely along A ∩ B = D.
We denote the normal bundles of D in A and B by N D A and N D B respectively. Then, the two projective bundles
are isomorphic and will be denoted by P(π) → D. Let g : Y → X × P 1 be a projective morphism for which π = p 2 • g : Y → P 1 is a double point degeneration over 0 ∈ P 1 . The double point relation associated to g is
where Y ζ is the fiber over an arbitrary regular value ζ ∈ P 1 .
It is shown in [LP09] that if k has characteristic zero, then ω * (X) is isomorphic to the cobordism ring Ω * (X). We will use a weaker version of this theorem, which holds in a characteristic free fashion.
Proposition 3.1 (Levine and Pandharipande). For any field k and scheme X ∈ Sm k of finite type over k, the natural projection Π :
The proof in [LP09] uses only the existence of smooth pull-back, projective push-forward, the first Chern class of a line bundle, and external product, which means it does not depend on any assumption on k. Thus, the double point relation also holds when the field k has positive characteristic.
We note that ω * has the following structures:
(1) pullback maps f * : ω * (X) → ω * (Y ) for each smooth morphism f :
3) associative, commutative external products, and an identity element 1 ∈ ω 0 (k).
The pullback and pushforward maps are functorial, and are compatible with the external products.
Composing the map ω * → Ω * with the natural transformation Θ MGL gives us the transformation
natural with respect to smooth pullback, projective push-forward, external products and unit. Let F ⊆ X be a smooth closed subscheme of some X ∈ Sm k . The double point relation yields the following blow-up formula in ω * (X), and hence in Ω * (X) and MGL * (X):
where Bl F X is blow-up of X along F , and N F X is the normal bundle of F . This is proved by the usual method of deformation to the normal cone. In case X is projective over k, pushing forward to Spec k gives the relation in ω * (k), Ω * (k) and MGL * (k)
Let Q 3 ⊂ P 4 denote the 3-dimensional quadric with an ordinary double point v, defined by the equation X 1 X 2 = X 3 X 4 . We say two smooth projective n-folds X 1 and X 2 are related by a flop if we have the following diagram of projective birational morphisms:
Here Y is a singular projective n-fold with singular locus Z such that along Z, the pair (Y, Z) isétale locally isomorphic to anétale neighbourhood of (v, 0) in the pair (Q 3 ×A n−3 , v×A n−3 ). In particular, Z is smooth of dimension n − 3. We assume in addition that there exist rank 2 vector bundles A and B on Z, such that the exceptional locus F 1 in X 1 is the P 1 -bundle P(A) over Z, with normal bundle
. Similarly, the the exceptional locus F 2 in X 2 is P(B), with normal bundle N F 2 X 2 = A ⊗ O(−1). We say that X 1 and X 2 are related by
We assume now X 1 and X 2 are related by a flop. Let X = X 1 and F = F 1 , the terms on the right hand side of formula (3.2) become:
where P P(A) (B ⊗ O P(A) (−1)⊕ O) is a projective bundle over P(A), which in turn is a projective bundle over Z; and P(O P(B⊗O(−1)) (1)⊕O) is a projective bundle over P(B ⊗O P(A) (−1)), which is a projective bundle over P(A).
Thus, we get the following immediate lemma.
Lemma 3.2. In the cobordism ring MGL * (k), we have
In particular,
The second claim follows from the observation that each of the projective bundles are smooth varieties over Z. We will abuse notation by denoting a lifting of
3.2. Flops in the cobordism ring. Since each term in the formula in Lemma 3.2 is a iterated projective bundle over Z, we will apply Quillen's formula iteratively to each term, to calculate the fundamental class of the iterated projective bundles in MGL * (Z). we have
The rest of this subsection is devoted to prove this proposition.
3.2.1. The term P(O P(B⊗O(−1)) (1) ⊕ O). We first prove the following
) be the natural projection. Let the first Chern class of the bundle O P(B⊗O(−1)) (1) be u B . Then the two Chern roots of O P(B⊗O(−1)) (1)⊕ O are u B and 0. Applying Quillen's formula (1.2) with f 1 (t) ≡ 1 being the fundamental class, we have
Next, let π 2 : 
Finally, let π 3 : P(A) → Z be the projection. Recall the two Chern roots of bundle A are denoted by a 1 , a 2 . Let f 3 (t) :=
, then Quillen's formula (1.2) yields
Similarly, for the projective bundle π ′ : P(O P(A⊗O(−1)) (1) ⊕ O) → Z, we have:
Now comparing the two formulas of π * (P(O P(B⊗O(−1)) (1) ⊕ O)) and π ′ * ([P(O P(A⊗O(−1)) (1) ⊕ O)]), the lemma follows. 
The term
Now let π 2 : P(A) → Z be the natural projection. Recall the two Chern roots of bundle A are denoted by a 1 , a 2 . Let f 2 (t) :
Similarly, for the bundle π ′ :
Therefore,
This finishes the proof of the proposition.
3.3. Flops in the elliptic cohomology ring. In this subsection, we prove the following Proposition. 
In particular, we have X 1 − X 2 = 0 in Ell * Q (Z), and hence X 1 − X 2 = 0 inẼll * (k).
Remark 3.6. Once we know that X 1 − X 2 = 0 in Ell * Q (Z), it follows by pushing forward to Spec k that X 1 − X 2 = 0 in Ell * Q (k). But X 1 − X 2 is a well-defined element inẼll * (k) and
Proof of the proposition. Thanks to Proposition 3.3, we can reduce X 1 − X 2 to an explicit element in MGL * (Z). Applying the canonical map MGL * (Z) → Ell * (Z) to this element, we have, in the ring Ell * (Z),
here the a i 's and b i 's are the Chern roots in the elliptic cohomology. We would like to show the above expression is 0 in Ell * Q (Z). Recall that x + E y = λ(λ −1 (x) + λ −1 (y)) where the exponential λ(t) is given by the power series
, and cancelling some obvious factors, X 1 − X 2 becomes
Now let
Using the fact that σ(z) is an odd function, we get σ(
with the * denoting that the vanishing factor σ(x r − x r ) is to be omitted.
The algebraic elliptic cohomology ring with rational coefficients
Let I fl be the ideal in MGL * Q (k) generated by differences X 1 − X 2 , where X 1 and X 2 are related by a flop and I clfl ⊂ I fl the ideal in MGL * Q (k) generated by differences X 1 − X 2 , where X 1 and X 2 are related by a classical flop. Section 3.3 shows that the elliptic genus φ : MGL
This proposition follows from same the calculation as in [T00] . Nevertheless, for the convenience of the readers and to be as explicit as possible, we include the calculation in the Appendix. Summarizing all the above, we have proved the following proposition. 
Birational symplectic varieties
In this section we work over a base field k with characteristic zero.
5.1. Specialization in algebraic cobordism theory. We will use the specialization morphism in algebraic cobordism theory. The existence of a specialization morphism in algebraic cobordism theory is folklore; for lack of a reference, we sketch a construction here.
Proposition 5.1. Let C be a smooth curve, and p : X → C a smooth projective morphism. Let o ∈ C be a closed point with fiber X o and η be the generic point of C whose fiber is denoted by X η . Let i : X o → X and j : X η → X be the natural embeddings. Then there is a natural morphism σ : Ω * (X η ) → Ω * (X o ) such that σ • j * = i * where j * is the pull-back and i * is the Gysin morphism.
Proof. Let R be the local ring of C at o ∈ C. Although in this case neither X R nor X η are k-schemes of finite type, they are both projective limits of such, which allows us to define Ω * (X R ) and Ω * (X η ) as
Here U ⊂ C is an open subscheme. We may then replace C with Spec R, X with X R . For any integer n, there is a localization short exact sequence
be the pull-back. In order to show it factors through j * , it suffices to check that i * • i * = 0. This is true since i
We note that the specialization map σ : Ω * (X η ) → Ω * (X o ) is a ring homomorphism, and is natural with respect to pullback and push-forward in the following sense: Let q : Y → C be a smooth projective morphism, with C as above, let f : Y → X be a morphism over C and let
Indeed, as the respective restriction maps j * are surjective, the fact that σ is a ring homomorphism and the compatibility (1) follows from the fact that pullback maps are functorial ring homomorphisms. For (2), we note that the diagram
is cartesian, and then the compatibility (2) follows from the base-change identity i * X • f * = f o * • i * Y and the surjectivity mentioned above. 5.2. Cobordism ring of birational symplectic varieties. Consider two birational irreducible symplectic varieties X 1 and X 2 satisfying the following condition: There exist smooth projective algebraic varieties X 1 and X 2 , flat over a smooth quasi-projective curve C with a closed point o ∈ C, such that:
(i) the fiber of X i over 0 is (
The counterpart of the following Proposition in Chow theory is proved in [G13] . Let Ω * be the algebraic cobordism with Z coefficient. When the base field k has characteristic zero, then Ω * = MGL * .
Proposition 5.2. Let X 1 and X 2 be two birational symplectic varieties satisfying conditions (i) and (ii). The deformation data induce an isomorphism
It was proved in [Huy97] that the above conditions (i) and (ii) hold, when:
• either X 1 and X 2 are connected by a general Mukai flop, • or X 1 and X 2 are isomorphic in codimension two, that is, there exist isomorphic open subsets U 1 ⊂ X 1 , and U 2 ⊂ X 2 with codim X i (X i \ U i ) ≥ 3, for i = 1, 2. The proof follows the same idea as in [G13] , nevertheless, for the convenience of the readers, we include the proof.
Let σ i : Ω * (X iη ) → Ω * (X io ) be the specialization map, where i = 1, 2. Let ∆ ⊂ (X 1η × X 2η ) be the diagonal, or the graph of the isomorphism Ψ as in condition (ii) restricted to the generic fiber. We define an element
is the image of Z by the symmetry morphism
Applying the specialization map σ on both sides, we get:
This finishes the proof of (1). Let Ψ : X 1η ∼ = X 2η be the isomorphism as in condition (ii), we have Ψ * (1 X 1η ) = 1 X 2η , and π 1 * (1 X 1η )) = π 2 * (1 X 2η )). Applying the specialization map, (2) follows.
For a vector bundle E on some X ∈ Sm k , let c i 1 ,...,ir (E) denote the product c i 1 (E) · · · c ir (E) in CH * (X). For X a smooth projective variety over k, the Chern number c I (X) associated to an index I = (i 1 , . . . , i r ) with j i j = dim k X and i j > 0 is deg k (c I (T X )). This proposition was originally proved in Section 5 of [T00] . Their proof is based on explicit calculation that lends itself with slight adjustment to our setting. Note that this proof is independent of the fact that the Krichever's elliptic formal group law is defined over Z[a 1 , a 2 , a 3 , a 4 ] .
The way to show this is to use the fact that an element x of MGL −n Q (k) is a polynomial generator of the ring MGL * Q (k) if and only if the Chern number s n is not zero on x. Here for a smooth irreducible projective variety X over k , s n (X) = ξ n 1 + · · · + ξ n n , [X] , with ξ i being the Chern roots of the tangent bundle of X (in the Chow ring CH * (X)). The following lemma can be found in [F98] , Page 47.
Lemma A.2. For any space X with a vector bundle V of rank r, let π : P(V ) → X be the projective bundle and let u = c 1 (O(1)) ∈ CH 1 (P(V )). Then, for all i ≥ 0,
where s k is the k-th Segré class.
Recall that we have shown that, in MGL * (k), X 1 − X 2 = P P(A) (B ⊗ O P(A) (−1) ⊕ O) − P P(B) (A ⊗ O P(B) (−1) ⊕ O).
For each smooth Z and rank 2 vector bundles A and B, there is a pair X 1 and X 2 , related by a classical flop with exceptional fibers equal to P(A) and P(B) respectively. Indeed, consider the P 1 × P 1 bundle q : P(A) × Z P(B) → Z, which we embed in the P 3 bundle P(A ⊕ B) → Z via the line bundle p * 1 O A (1) ⊗ p * 2 O B (1). We then take Y 0 to be the affine Z cone in A ⊕ B associated to P(A) × Z P(B) ⊂ P (A ⊕ B) , and Y the closure of Y 0 in P(A ⊕ B ⊕ O Z ). Y thus contains the P 2 bundles P 1 := P(A ⊕ O Z ) and P 2 := P(B ⊕ O Z ); we take X i → Y to be the blow-up of Y along P i , i = 1, 2 andX the blow-up of Y along Z.
We will, for each n ≥ 5, find an n − 3-fold Z and rank two vector bundles A and B over Z, such that s n (P P(A) (B ⊗ O P(A) (−1) ⊕ O)) = s n (P P(B) (A ⊗ O P(B) (−1) ⊕ O)).
We start with an arbitrary choice of Z and A, B. Recall we denote the Chern roots (in CH According to Lemma A.2, π 2 * (v A ) n−2 = (−a 1 ) n−3 , since a 2 = 0. Therefore, π 2 * π 1 * s n P P(A) (B ⊗ O P(A) (−1) ⊕ O) = (−a 1 ) n−3 (2(−1) n + n − 1) = (a 1 ) n−3 (−2 + (−1) n−3 (n − 1)).
We do the same for the projection π ′ 1 : P P(B) (A ⊗ O P(B) (−1) ⊕ 1) → P(B), and π For π ′ 2 * , Lemma A.2 tells us that π ′ 2 * (v B ) = 1, and π ′ 2 * (v i B ) = 0 for i = 1. Finally, we obtain: π ′ 2 * π ′ 1 * s n P P(B) (A ⊗ O P(B) (−1) ⊕ 1) = a n−3 1 (−(n − 1) 2 + n 2 − (−1) n−3 + (n − 1)(−1) n−3 ) = a n−3 1 (−(n − 1) 2 + n 2 + (n − 2)(−1) n−3 )
To show this can be non-vanishing for certain choice of Z and a 1 ∈ CH 1 (Z), we simply take Z = P n−3 and a 1 = c 1 (O P n−3 (1)). We then have s n [X 1 − X 2 ] = a n−3 1 (−2 + (−1) n−3 (n − 1) + (n − 1) 2 − n 2 − (n − 2)(−1) n−3 ), [P n−3 ] = n 2 − 3n − 2 + 2(−1) n−1 2 , so for n ≥ 5, s n [X 1 − X 2 ] = 0, as desired.
